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Abstract 

New manifestly gauge-invariant forms of two-dimensional generalized dispersive long-wave and 
Nizhnik-Veselov-Novikov systems of integrable nonlinear equations are presented. It is shown how in 
different gauges from such forms famous two-dimensional generalization of dispersive long-wave system 
of equations, Nizhnik-Veselov-Novikov and modified Nizhnik-Veselov-Novikov equations and other 
known and new integrable nonlinear equations arise. Miura-type transformations between nonlinear 
equations in different gauges are considered. 

PACS numbers: 02.30.1k, 02.30.Jr, 02.30. Zz, 05.45.Yv 

1 Introduction 

The fundamental ideas of gauge invariance and gauge transformations are wide spread and in common use 
in almost every part of physics. The first applications of such ideas in the theory of integrable nonlinear 
equations by Zakharov and Shabat [1] , Kuznetsov and Mikhailov [2] , Zakharov and Mikhailov [3] , Zakharov 
and Takhtadzhyan [4], Konopelchenko [5], Konopelchenko and Dubrovsky [6,7] and others have been made, 
see also the books [8-13] and references therein. 

Now a lot of gauge-equivalent to each other, integrable nonlinear models are well known. In one- 
dimensional case the most famous are the nonlinear Schrodinger and Heisenberg ferromagnet equations, 
massive Thirring model and two-dimensional relativistic field model, KdV and mKdV equations and so 
on; in the two-dimensional case the most famous are Kadomtsev-Petviashvili and modified Kadomtsev- 
Petviashvili nonlinear equations, Davey-Stewartson and Ishimori integrable systems of nonlinear equations 
and so on. See some references in the books [8-14]. 

In the present paper, manifestly gauge-invariant formulation of two-dimensional nonlinear evolution equa- 
tions integrable by the following two scalar auxiliary linear problems: 

Liip = (df„ + wi<9 5 + Vl d v + u ) tp = 0, (1.1) 
L 2 ip = (d t + u 3 dl + v s d* + u 2 dl + v 2 d 2 + Zids + iid v + u )V> = (1.2) 

is developed. Here as usual £ = x + ay, r\ = x — ay, a 2 = ±1 and d% = <9/<9£, d v — d/dr], <9| = d 2 /<9£ 2 , etc. 

Two cases of auxiliary linear problems (jl.l[) . (jl.2[) with different second auxiliary linear problem (|1.2[) 
are studied: 

• (i) u 3 — Ki — const, t>3 = K2 — const, third-order problem L21P = 0, such choice of second auxiliary 
problem (|1.2p leads to famous Nizhnik-Veselov-Novikov (NVN) [15,16], modified Nizhnik-Veselov- 
Novikov (mNVN) [17] and other equations; 

• (ii) U3 = V3 = 0, 1*2 = ki = const, v-i = n-2 = const, second-order problem L21P — 0, such choice of 
second auxiliary problem (|1.2[) leads to famous two-dimensional generalization of dispersive long-wave 
equation (2DDLW) [18], Davey-Stewartson (DS) system of equations [19] and its reductions and other 
equations. 
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All above-mentioned famous integrable nonlinear equations via the compatibility condition of auxiliary 
linear problems and (11. 2p in the form of Manakov's triad representation [20] 

[L 1 ,L 2 ] = BL 1 (1.3) 

have been previously established [15-18], see also books [12,13] and references therein. 
In the paper, gauge transformations 

V^V' = ff"V (i-4) 

with arbitrary gauge function t/(£, 77, t) of auxiliary linear problems (jl.ip and (| 1 - 2(1 are studied. The convenient 
for gauge- invariant formulation field variables, classical gauge invariants w 2 , w 2 , w\ 1 

def i i i i / -t p- \ 

w 2 = u — ui£ — uivi = u - u 1? - u 1 v 1 , (1.5) 
w 2 A = u - vi v - mvi =u' - v' lr] - u' x v' x , (1.6) 

def / / li n\ 

Wx = - v lv = u 1? - v ln (1.7) 
and pure gauge variable p connected with field variable ui(£, ?y, t) by the formula 

«i = (M„ (1-8) 

are introduced. The variable p corresponds to pure gauge degrees of freedom and has under (|1.4p the 
following simple law of transformation: 

P^P=9P- (1-9) 

Let us mention that for the first auxiliary linear problem (jl.ip , considered as classical partial differential 
equation, the invariants w 2 and w 2 from the early times (see for example the classical book of Forsyth [21]) 
as Laplace invariants h = w 2 and k = w 2 are known. 

The main results of the paper are the following new integrable systems of nonlinear equations in terms 
of field variables p,w\,w 2 given by (|1.5[) - (|1.8p . 

In the case (i) of third-order linear auxiliary problem (|1.2p the first invariant w\ is equal to zero w\ = 
and the established integrable system of nonlinear equations in terms of p, w 2 has the form 

p t = - K2P VVV - 3n 1 p i d^ 1 w 2i - 3K 2 p r) i9 ? " 1 W2> ) + vop, (1-10) 

w 2t = - KlW2 vm - ^(w^^w^)^ - ^(w^^w^)^. (1-11) 

It is remarkable that the gauge- invariant subsystem of the system (|1.10p (|l.lip , equation (jl.lip for the gauge 
invariant w 2 = uq — u\£ — U\Vi, coincides in form with the famous NVN equation [15, 16] 

U t = -kiu^ - K 2 U Trrrn - iKi^d^u^)^ - i^iud^u^)^. (1-12) 

Due to the last remark the system (|1.10p - (|l.lip will be named below as the Nizhnik-Veselov-Novikov 
(NVN) system of equations. 

In the case (ii) of second-order linear auxiliary problem (|1.2|) the established integrable system of nonlinear 
equations in terms of p, w\ and w 2 has the form 

p t = -Kip^ - n 2 p m - 2K 1 pd~ 1 w 2ii + 2n 2 p n d^ 1 w 1 + v Q p, (1-13) 
wit = -K 1 u> icc + n 2 wi m - 2k 1 w 2 ^ + 2n 2 w 2m - 2K 1 (w 1 d~ 1 w 1 ) ^ + 2n 2 (w 1 d^ 1 w 1 ) ?j , (1.14) 
w 2t = Kiw 2 « ~ k 2 w 2vv - 2n 1 (w 2 d~ 1 w 1 ) li + 2n 2 (w 2 d^ 1 w 1 )^. (1-15) 
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The gauge- invariant subsystem of the system (|1.13[) - (|1.15p . the system of equations (|1.14[) - (|1.15|) for 
invariants wi — itij — Vi^ and w 2 — uq — ui£ — UiVi, for the choice u\ = 0, v± — v, uq = u for which 
wi = —Vri, w 2 — u, leads to the well-known system of equations [22] 

v t = — KiV££ + n 2 v m + 2nid~ 1 u^ — 2K 2 u ri + 2kiW£ — 2n 2 v ri d^ 1 v ri , (1-16) 
u t = Kiu^ - k 2 u vv + 2ki (uv)^ - 2K 2 (ud^ 1 v ri ) . (1-17) 

In terms of variables 

" = "§> u = - A {l + r-q v ) (1.18) 

the integrable system of nonlinear equations (|1.16p - l|1.17l) takes the form 

q t = -nid^r a + K 2 r n - y (<? 2 ) 5 + K^d^q,^ (1.19) 
U = -Kiqt + K2^ 1 g w - Kifftjft + K 2 q nnn - Ki(rq)^ + K 2 {rd^ 1 q v ) rt . (1-20) 

For the particular value k 2 = system of equations f|1.19[) — (|1.20[) reduces to the famous integrable two- 
dimensional generalization of dispersive long-wave system of equations [18] 

«*, = -«!»•« -y(9%,> (1.21) 
r t £ = -K%(qr + q + q^ v )^- (1-22) 

In one-dimensional limit £ = 77 both systems (|1.19|l - (|1.20p with — k 2 = 1 and (|1.21|) - (|1.22p with Ki = 1 
reduce to the famous dispersive long- wave equation (see, e.g., Broer [23]). It is worthwhile by this reason to 
name the system (|1.13j) — (|1.15[) as the two-dimensional generalized dispersive long-wave (2DGDLW) system 
of equations. 

In both considered cases of the third- and second-order auxiliary linear problem (|1.2p the integrable 
systems of nonlinear equations (jTTTQJ)— (jTTTTJ) and (|1.13p ~ (|1.15[) have common gauge-transparent structure. 
They contain correspondingly: 

• gauge-invariant subsystems (jl.lip and (|1.14[) - (|1.15l) ; 

• the equations (|1.10[) and (| 1 . 13[) for the pure gauge variable p with some terms containing gauge invari- 
ants. 

For the zero values of invariants w\ = 0, w 2 = both systems (|1.10p - (|l.ll[) and (| 1 . 13|) — (| 1 . 1 5[) reduce to 
corresponding linear equations for p, respectively, 

Pt = -KiPttt - K 2 p rim + v p (1-23) 

and 

p t = —Klptf ~ K 2Pr n + V p- (1-24) 

In this paper the NVN ([T7T0jl - (fTTTT]) and the 2DGDLW (flT3) - (fl~T5)) systems of integrable nonlinear 
equations in different gauges are considered. 

It is shown that in some different gauges from (|1.10p - (|l.lip famous Nizhnik-Veselov-Novikov (NVN) 
[15, 16] and modified Nizhnik-Veselov-Novikov (mNVN) [17] equations follow, these equations by Miura- 
type transformation are connected. 

It is shown also that gauge-invariant subsystem (|1.14p - (|1.15l) of the 2DGDLW system (| 1 . 13|) — (| 1 . 1 5[) 
contains in particular, the famous case, integrable two-dimensional generalization of dispersive long-wave 
system [18] of integrable nonlinear equations. In some cases the special gauge 2DGDLW system () 1 . 1 3(1 
(|1.15p reduces to the famous Davey-Stewartson (DS) system [19] of nonlinear equations and in another 
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special gauges to new DS-type systems of integrable nonlinear equations, these systems by Miura-type 
transformation are connected. 

The plan of our paper is the following. In sections [2] and [3] via the compatibility condition (|1.3p 
the manifestly gauge- invariant correspondingly integrable NVN system (|1.10|) - (ll.ll[) and the 2DGDLW 
system (|1.13p - (|1.15p of nonlinear equations are derived. Some special gauges of NVN (jl.lOD — lip and 
2DGDLW (|1.13|) - (|1.15|) integrable systems of nonlinear equations are considered. Miura-type transforma- 
tions between solutions of nonlinear equations in different gauges are established. 



2 Manifestly gauge-invariant formulation of NVN system of equa- 
tions 

It is instructive to derive integrable nonlinear equations starting from auxiliary linear problems (II. 1|) and 
(II. 2|) in general position, with all nonzero field variables. 

Using the compatibility condition (|1.3p in the form of Manakov's triad representation [20] after some 
calculations one obtains, equating to zero the coefficients at different degrees of partial derivatives d^d™ of 
the relation [Li,L 2 ] — BL\ = 0, the following system of equations for the field variables u 3 , t>3, u 2l v 2l u\, 
vi, v and u±, v±, Uq: 



dl 



dld v 



9! 



din 
-de 



-a 



W3r, = 0, 
u 3£ = 0, 
U3£ V + U 2v + 

V3tn + v 2 £ + 
u 2i - 3u 3 v^ 



= 0, 

«3r, = 0, 

- 3w 3 -ui 4 + viu 3 . n = 0, 
viv 3ti - 3v 3 v lTI + uiv 3S = 0, 
0, ds-dl : v 2r , - 3v 3 u lri 



- 2u 2 u\ 



0, 



U2£ r] + Ul v - 3u 3 Ui££ - 2u 2 Ui£ + UlU2£ + WiM2r, ~ 3u 3 U £ = 0, 

V2£ V + vi? - 3v 3 vi vv ~ 2v 2 v lri + ui«24 + wiw 2 r, - 3v 3 u Qv = 0, 

ui£ + vir, - 3u 3 vi££ - 3u 3 -ui w - 2u 2 v^ - 2v 2 ui n - B = 0, 

u u + u 3 m^ + v 3 ui vrirl + u 2 ui^ + v 2 ui m - Vo n + uiu^ + viu Vq 

- uiui£ - viui v - u\£ V + 3u 3 uo££ + 2u 2 u £ + Bu\ — 0, 

Vlt + U 3 Vl£££ + V 3 V lTlnn + U 2 Vx^ + V 2 Vl vv - 1> £ + VlVu, + UlV^ 

- UiViz - vivi v - vi in + 3v 3 u 0Tin + 2u 2 wor, + Bv x = 0, 
u ot + u 3 u ^ + v 3 u 0vvv + u 2 u ^ + V 2 U , P1 + UlMoC + ViU 0v 

- UiWof ~ v i v 0v ~ v 0£ri + Bu = 0. 



(2.1) 
(2.2) 
(2.3) 
(2.4) 
(2.5) 
(2.6) 
(2.7) 
(2.8) 

(2.9) 

(2.10) 

(2.11) 



The system of defining equations (|2.ip - (|2.11|) has recurrent character and allows us to express via (I2.1|) - (|2.7p 
the field variables U3, U3, u 2 , v 2 and Ui, Vi of the second auxiliary problem (jl.2p through the field variables 
111, Vi, uq of the first auxiliary linear problem (|1.1[) . The last three equations (|2.9p - (|2.1ip represent the 
integrable system of nonlinear evolution equations for the field variables ui,vi and uq. 

In the case of the second auxiliary linear problem (|1.2p of third order from relations (|2.ip and 
follows that the coefficients u 3 and v 3 are constants, 



i*3 = const = Ki, v 3 = const = k 2 . 

Using (|2.12p one obtains from the relations 

«2£ = 3«iUi£, v 2r) = 3k 2 "i^, 
u 2r] = 3kiUi£, v 2 (: = 3k 2 vi v . 

From (|2.13p - l|2.14p the important relation between field variables Ui, vi, 



(2.12) 

(2.13) 
(2.14) 



(2.15) 
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and expressions for variables u 2 and V2, 

i*2 = SkiVi + consti, V2 = 3k2"i + const2, (2-16) 

follow. Arising in (|2.16p . for simplicity the constants being equal to zero are chosen below. By the use 
of (|2.6[) and (|2.7[) taking into account (|2.12[) . (|2. 15[) and (|2.16[) one derives the expressions for £ti and vi, 

in = Snxd^u^ - S^d^iu^) + ^±vj + t), (2.17) 



2 

Vx = 3K 2 d^ 1 U Qv - 3K 2 d^ 1 (vxUir!) + — u\ +5l(>7)*)) ( 2 - 18 ) 



including as 'constants' of integration the arbitrary functions and g\{f],t) which for simplicity are 

chosen below as equal to zero values. Inserting u\ and V\ from (|2.17[) . (|2.18[) into (|2.8[) and taking into 
account (jl.5[) . (|2. 12[) . (|2.15[) — (|2.18[) one derives the expression for the coefficient B, 

B = - 3kiVi^ - 3K2Ui m - 3kiwiwi5 — %K2ii\u\ v + Snid^uo^ + 3«2^ uonn 

- S^d' 1 (u^) ^ - 3n 2 d^ 1 (vxu^) ^ = 3K 1 d~ 1 w 2 ^ + 3k 2 ^ 1 w 2w - (2.19) 

The last three equations ()2.9|) - (12.11j) of the system (|2.ip - (12.11|) are the evolution equations for the field 
variables ui, v\ and uq. By the use of (|1.5|) . (|2.12|) . ()2.15j) - ()2.19p after some calculations (by singling out in 
some terms the combination of field variables w 2 = uq — «i£ — uiv± coinciding with gauge invariant (|1.5j) ) 
these equations can be represented in the following convenient form: 

- 3ki(wi9^ 1 w 2 c) j) - 3K 2 (uid^ 1 w 2v ) ri + v 0n , (2.20) 
vu = -KiVi^ - K 2 v lnnn - Ki(vf + 3wiwi 5 ) 5 - n 2 (u\ + 3uiui, ; ) c 

- 3ki(wi9^ 1 w 2 ^) 5 - 3k 2 (ui9^ 1 W2»,) 5 + v o^, ( 2 - 21 ) 
u ot = ~ K 2 u 0nnn - 3kiWiu « - 3k 2 uiu Qvv - 3ki(vi ? + vf)u oi - 3k 2 (ui, ; + uf)u 0n 

- 3ni(u d~ 1 W 2 t;) i - 3K 2 (wo^ 1 W2r,)^ + Vq^j + UiV ^ + VlV 0r ,- (2.22) 

Remember that in the considered case due to (|2.15l) the first invariant wi = ui£ — v 1^ = is equal to zero. 

Due to the equality ui£ = v\ v one can reduce the set of dependent variables Ui, v± and uq in the 
system (|2.20l) - (|2.22j) to two variables p, w 2 (or equivalently to variables cf) — In p. w 2 ) defined by the relations 

def , Prj def , P£ /ri 00 n 

mi = 9-r, = — , vi = 0$ = — , (2.23) 
w 2 = u - u 1? - mv-i =u - (j) iri - cj)^ = u - (2.24) 

Indeed the insertion of u\ ~ and v\ — <f>£ into (|2.20p and (|2.21[) reduces both these equations to the single 
one equation 

4>t = — - K2<t> m ri ~ Hi(4>^) 3 - K 2 {4> v ) 3 ~ 3ki</>£<% - 3K 2 4>r,^r,r, 

- 3ki0{i9~ 1 W2{ - 3n24>r ) d^ 1 w 2v + v , (2.25) 
or in terms of variables p, w 2 to the equation 

p t = - K2P VVV - 3Kip i d~ 1 w 2 £ - 3K2P v d^ 1 w 2v + v p. (2.26) 

One can show also that the exclusion of field variable vo from the last equation (|2.22p by the use of 
derivatives «of , ^o?7 and vq^ (calculated from the first two equations (|2.20[) and (|2.2ip 1 leads to the following 
nonlinear evolution equation for the second invariant w 2 : 

w 2t = -Kiw 2 £tt - k 2 w 2vvv - 3ki(w 2 9 ? 7 1 W2?) 4 - 3K 2 (w 2 d^ 1 w 2v ) ji . (2.27) 
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So by the change of variables (|2.23[) . (12.24)1 the integrable system of nonlinear equations (|2.20[) - (12.22|) is 
reduced to the following equivalent integrable system of nonlinear equations: 

Pt = ~ K iP«c ~ K 2 p w) - 3K 1 p i d^ 1 w 2i - 5K 2 p 71 d~ 1 w 2ri + v p, (2.28) 
W 2 t = - K2W2 vm - 3ki(w 2 3^ 1 W2c) ? - 3re 2 (w 2 d^ 1 w 2 , 1 ) . (2.29) 

Equivalently, in terms of variables cj) = lnp and u> 2 , the system of equations (|2.28|) — (|2.29|) takes the form 

- SKi^d^w^ ~ Sk^O^w^ + v 0l (2.30) 
w 2t = -Kiw 2 £a - K2W2 vm - 3ki(w 2 9^ 1 W2c) ? - 3ft 2 (u; 2 <9 ? ~ 1 -!y 2 , ) ) jj . (2-31) 

Note that equation (|2.29|) (or (|2.3ip ) for the gauge invariant w 2 exactly coincides in form with the famous 
NVN equation [15,16]. Due to this reason it is worthwhile to name the integrable systems (|2.28lH(|2.29p (or 
([2T30> - (|2~3T|) ) as the NVN system of equations. 

The NVN system of equations ([2T2l^ - (f2~2"9"f (or (|2T30ll - (|2~3T|) ^ has gauge-transparent structure. It con- 
tains: 

• explicitly gauge- invariant subsystem — equation (|2 . 29[) (or (|2.3ip ) for invariant w 2 ; 

• equation (|2.28|) (or (|2.30p ) for pure gauge variable p (or <fi) with some terms containing gauge invari- 
ant w 2 and field variable vq from the second linear auxiliary problem flL2j) , 



Manakov's triad representation (TO]) for the NVN system of equations (|2~28l) - (f2~29|) (or (|2~30|) — (f273T]) > . 
due to formulae (|2.12p ~ (|2.19p and (|2.23[H(|2.24|) , includes the following operators L±, L 2 of auxiliary linear 
problems and coefficient B(w 2 ): 

L x = SL + ^ + Pi dn + w 2 + ^l, (2.32) 
? ' P P P 

L 2 = d t + Kl 8l + n 2 dl + 3ki^ + 3k 2 ^ + 3«i(^ + (fi^ttfa*))^ 

+ 3K 2 (^ + (d- 1 w 2v )y v + v Q , (2.33) 
B(w 2 ) = 3Kid~ 1 w 2 ^ + 3k 2 5 5 " 1 w 2w - (2.34) 

In the case w 2 = of zero invariant the NVN system of equations (|2.28[) — (|2.29[) (or (|2.30p ~ (|2.31|) ) reduces 
to linear equation 

p t = -nip^ - K 2 p nnn + v p, (2.35) 

which is integrable by auxiliary linear problems (JTTTJ) and (|1.2p with L\ and L 2 from (I2.32p . (|2.33p un- 
der w 2 = 0. The compatibility condition in this case, due to B(w 2 ) — 0, has Lax form [Lx, L 2 ] = 0. In terms 
of variable <f> = lap linear equation (|2.35p looks like Burgers-type equation of the third order 

4>t = -Hl4>m ~ K 2(t>r,r,r, ~ Kl(0^) 3 - ^((j),^ 3 - 3Kl</>f - 3«2^»7^tytj + Vo, (2.36) 

which linearizes by the substitution <fi — In p and consequently is C-integrable. 

Let us denote by C (<p,uo,Vo) the gauge which corresponds to nonzero field variables u\ = 4> v , v\ = , 
Uq and vo of linear problems (jl.ip and (|1.2p and consequently to NVN system (|2.30[) — (I2.31[) in general 
position. Under different gauges from NVN system different integrable nonlinear equations follow, which 
are gauge-equivalent to each other. The solutions of these equations by some Miura-type transformation are 
connected. 

For example in the gauge C (0, uq, 0) the NVN system of equations (I2.30p - (|2.3ip reduces to the famous 
NVN equation [15, 16] for the field variable Uo, 

u ot = -kiu 0555 - K 2 u 0nnri - 3ki(u ^ 1 uoc) ? - 3k 2 (u 9^ 1 u i)) I) - (2.37) 



6 



In another gauge C (0, 0, v Q ) the NVN system (|2T3"0]I - ([2T3"I|) takes the form 

<pt = -/«i<%£ - n 2 <j) mri - ki(^c) 3 - K 2 (<j> v ) 3 + Snifad' 1 (fe&ri) £ + 3K 2 <p v d^ 1 ((/) i (j) ri ) ri + v , (2.38) 



- k 2 (^) 3 + ^i^9~ l (^(f> n ) c + 3K2(t> r ,d£ 1 ((t>£(t> ri ) ri , (2.39) 

and consequently to the following system of equations: 

(f>t = -Ki^m - K 2 (t> V r,r, - ki(0 5 ) 3 - K 2 (<ft v ) 3 + Snifad' 1 (<f»£<f> v ) ^ + Sn^d^ 1 (4>i4> v ) + v , (2.40) 
(flf, + ^ c + ^)«b = (2.41) 

is equivalent. For vo = system of equations (|2.40p - (|2.4ip reduces to the famous modified Nizhnik-Veselov- 
Novikov equation 

4>t = — «x^f« - K2<prmv - «i(^) 3 - K2(0 J) ) 3 + 3ki^9~ (0^)^ + 3k20^9 ? " 1 (^^) ?j , (2.42) 

which at first in the paper [17] of Konopelchenko in a different context was discovered. Let us mention that 
the considered version (|2.42p of mNVN equation derived in the present paper in the framework of manifestly 
gauge-invariant description is different from the mNVN equation discovered in the paper [24]. 

The new system of equations (12.40l) - (|2.4ip can be named as modified NVN (mNVN) system of equa- 
tions. This system due to (|2.32p ~ (|2.34p and to the choice of the gauge C (cf), 0, Vq) has the following triad 
representation (|1.3p with triad (Li, L 2 , B): 

Li = + + <t>zd n , (2.43) 

L 2 = d t + Kidl + K 2 dl + 3/^df + Zk 2 ^&1 + 3ki (<% - d" 1 % 

+ 3«a($ - d^{^) v )d v + «o, (2.44) 

B(w 2 ) = -3ki0 555 - Zn 2 (j) mn - 3«i9~ 1 (^^)^ - 3K 2 d^ (cj)^) vv . (2.45) 

The mNVN equation ([2~42]) has triad representation (|2~43|) - ([2~45|) with v = 0. 

It is evident that the solutions uo and <f> of NVN (|2.37p and mNVN (|2.42p equations via invariant 
w 2 = uq = —(f>£n — 4>s,4>r] (calculated in different gauges C (0,ito,0) and C (0,0,0)) by Miura-type transfor- 
mation 

uo = -<t>e n ~ ^e^r, (2.46) 

are connected. In one-dimensional limit, under = d v , the mNVN equation (|2.42p reduces to the mKdV 
equation in potential form 

0t = -K&« + 2/s(&) 3 , (2.47) 

where k = K\ + n 2 . In terms of variable v% = <f>^ this is mKdV equation 

v u = —K + 6k v\vi£. (2.48) 

3 Manifestly gauge-invariant formulation of two-dimensional gen- 
eralization of the dispersive long-wave equations system 

In the case of second-order linear auxiliary problem (|1.2p the coefficients 113, v$ in the system of relations (|2.ip 
(|2.1ip have zero values it 3 = V3 = 0. The relations (|2.3p ~ (|2.5p lead to constant values for the coefficients u 2 
and v 2l 

u 2 = const = «x, v 2 — const = k 2 . (3-1) 
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By integration of relations (|2.6[) and (|2.7|) one immediately obtains the expressions for the coefhcients u\ 
and ui, 

ux = 2ki5^ 1 wi 4 + / 2 (£, t), vx = 2n 2 d^ 1 v 1 , 1 + g 2 (r], t), (3.2) 

where f 2 (£,,t) and g 2 (r],t) are arbitrary functions which below, for simplicity, chosen equal to zero values. 
Inserting (|3.ip ~ (|3.2[) into (|2.8p one obtains taking into account (|1.7p the expression for coefficient B, 

B = — 2k 1 u 1 £ — 2k2Ux v + 2nid~ 1 ui££ + 2K 2 d^ 1 vi nv — 2k 1 9^ 1 u> 1 j — 2K 2 d^ 1 Wx lv (3-3) 

The last three relations (I2.9[) (|2.11[) of the system (|2.1[) — (|2.11[) are nonlinear evolution equations for 
the field variables Ux, v\ and u . By the use of (|3. lj) — (|3. 3j> after some calculations these equations can 
be represented (by singling out in some terms the combinations of field variables w\ = Ux(_ — Vx v and 
w 2 = uq — Wij — UxVx coinciding with gauge invariants (|1.5|) - l|1.7|) ) in the following convenient form: 

Uxt = -K>XVx£ri ~ K 2 U lrn - 2n 2 U 1 Ui rl - KxWx£ ~ 2k,iW 2 £ ~ 2KxU 1 £d~ 1 Ui£ 

+ 2K 2 (u 1 d^ 1 w 1 ) ri + v 0n , (3.4) 
Vxt = -KxVx^ - K2Ux£n - 2KxVxVx£ - K2Wxrj - 2n 2 w 2ri - 2n 2 vi ri d^ 1 Vx v 

- 2n 1 (vxd~ 1 wi) i + v £, (3.5) 
U t = -«iMo££ - K 2 u 0rin - 2kiu ?«i - 2k 2 u 0v ui - 2n 1 {u d~ 1 wi) ^ 

+ 2n 2 (u d j r 1 wx) ri + Voi v + v-iVot + viv 0n . (3.6) 

Let us emphasize that the integrable system of nonlinear equations (|3.4[) - (|3.6p arises as a compatibility 
condition of auxiliary linear problems and (11.21) in the form (|1.3[) of Manakov's triad representation in the 
general position. The system contains three evolution equations for the field variables Ux, v\ and uq. These 
equations include also the field variable vq from the second auxiliary linear problem. The presence of these 
four dependent variables u\, Vx, uq and vq in system (|3.4[) — (I3.6P of three nonlinear equations reflects gauge 
freedom of auxiliary linear problems and (|1.2p and the corresponding integrable systems of nonlinear 
equations. In contrast to the case considered in the previous section, the first invariant wx = ui£ — =/= 
is not equal to zero. 

One can show that the first two equations (|3.4[) and (|3.5[) of last system under change of variables 

ui = <th, = vx = -d- 1 w 1 + <j>s = -a-v + (3.7) 

P P 
W 2 = U - (f)^ - <p^(p v + ^d^Wx = U - -y + -jj-d^Wi, (3.8) 

reduce to the single one equation of the form 

p t = -Kxptf - n 2 p m - 2K 1 pd~ 1 w 2 t i + 2K 2 p n d t r 1 w 1 + v Q p, (3.9) 
or in terms of variable (f> = In p to the equation 

4> t = -Kxfat - K 2 (f) nn - ki(0 5 ) 2 - k 2 {(/) v ) 2 - 2n 1 d~ 1 w 2i + 2K 2 (/) v d^ 1 w 1 + v a . (3.10) 

The condition of equality of mixture derivatives vq^ and vo V £, calculated from (|3 .4|) and (|3.5p . leads to 
the following nonlinear evolution equation in terms of gauge invariants Wx and w 2 , 

wit = -KxWxtf + k 2 w 2vv - 2kiw 2 ^ + 2k 2 w 2vv - 2k\ (wid^wi) ^ + 2n 2 {w 1 d^ 1 wi) . (3-H) 

One can show also that the exclusion of free field variable from the last equation (|3.6p by the use of 
derivatives Vo$, v 0ri and vo^ v , calculated from the first two equations (|3.4p and (I3.5j) . leads to another 
evolution equation in terms of invariants wx and w 2l 

w 2t = KxW2£z - n 2 w 2m - 2n l (w 2 d~ l w l ) l _ + 2n 2 (w 2 d^ 1 w 1 ) J? . (3.12) 
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So by the change of variables (|3.7p . (|3 . 8[) the integrable system (|3.4[l - (|3.6|) of nonlinear equations of 
second order is reduced to the following equivalent integrable system of nonlinear equations: 

Pt = -«iP& - K 2 p vv - 2K 1 pd~ 1 w 2 £ + 2K 2 p n d^ 1 w 1 + vqp, (3.13) 

Wit = -Kiwi££ + n 2 w lm - 2kiw 2 ^ + 2n 2 w 2m - 2K 1 (wid~ 1 w 1 ) ^ + 2n 2 (w 1 d^ 1 Wi) , (3-14) 

w 2t = kiw 2 ^ - k 2 w 2tiv - 2n 1 (w 2 d~ 1 wi) + 2n 2 (w 2 d^ 1 wi) . (3.15) 
In terms of variables <fi = hip, w\ and w 2 the integrable system (|3.13|) - (|3.15|) takes the form 

(f) t = -Kx<p££ - K2(j) V n - ki(^) 2 - k 2 (c/) v ) 2 - 2n 1 d~ 1 w 2 £ + 2n 2 4> v d^ 1 w 1 + v , (3.16) 

Wit = -mwitt + K2Wi m - 2niw 2 ^ + 2n 2 w 2m - 2/ti (wid^wi)^ + 2k 2 (wi<9^ 1 wi) ?? , (3-17) 

w 2t = kiw 2 ^ - K 2 w 2rn - 2ni(w 2 d~ 1 wi) ti + 2n 2 (w 2 d^ l Wi) n - (3.18) 

In terms of variables </> = In p, w 2 and w 2 = w 2 + wi the integrable system Q3.13p - p.15p converts into more 
symmetrical form 

<t>t = -«l^S - k 2 4> vv - ki(^) 2 - k 2 (<P v ) 2 - 2/t 1 <9~ 1 w 2 £ + 2n 2 <p ri d i r 1 wi + v , (3.19) 
Wit = niw 2 ^ - K 2 w 2m - 2ni(w 2 d~ 1 (w 2 - w 2 )) ^ + 2n 2 (w 2 d^ 1 (w 2 - w 2 )) , (3.20) 
w 2t = -Kiw 2 ££ + n 2 w 2m - 2n 1 {w 2 d~ 1 (w 2 - w 2 )) & + 2K 2 (w 2 d^ 1 (w 2 - w 2 )) ■ (3-21) 

Remember for convenience that due to (|1.5p - (ll.8p in equivalent to each other systems of nonlinear 
equations (|3.13|) (|3.15|) . (|3.16p - (|3.18p and (|3.19p - (|3.2ip the variables (f> = lnp, Wi, w 2 and w 2 are connected 
with the field variables ui, Vi, uq of the linear problem (jl.ip by the formulae 

Ui = -^- = (/>n, vi = ^ - d^wi = - d~ l wi, wi = - v lri , (3.22) 

w 2 = u - ui 5 - mvi =u - - + 4> v d~ 1 w 1 = u - ^ + —d~ l wi, (3.23) 

w 2 = w 2 +wi. (3.24) 

Integrable system of nonlinear equations (|3.13|) — (|3.15|) (and analogously equivalent systems (|3.16p (|3. 18|) 
or ()3.19p - ()3.2ip ) for the choice of variables 

p = 1; Ui = 0, Vi = v, uo — u; vo = 2ki8~ 1 w 2 ^ (3.25) 

for which wi = —v rn w 2 = u, reduces to known system of equations 

V t = —KiV££ + K 2 v m - 2k 2 u v + 2kiW£ + 2nid~ 1 u^ - 2n 2 v ri d^ 1 v v , (3.26) 

u t = kiu^ - n 2 u m + 2ni{uv)^ - 2K 2 ( K ud^ 1 v ri ) r) , (3.27) 

derived in different context by Konopelchenko [22]. 

For the particular values K\ = 1 and n 2 — 0, system of equations (|3.26|) — (|3.27|) reduces to famous 
integrable two-dimensional generalization of dispersive long-wave system of equations 

v tr , = -v^ + 2u^ + (v 2 )^, (3.28) 

u t ^u ff + 2(uv) v (3.29) 

discovered by Boiti, Leon and Pempinelli [18]. It is interesting to note that in a different context the system 
of equations (|3.20p - (|3.2ip for Laplace invariants h — w 2 and k — w 2 in the case k± = 1, k 2 = in the 
paper of Weiss [25] was considered. By this reason and due to the remarks in section Q] (see (|1.13p - (|1.22p 
and discussion therein) it is worthwhile to name the integrable system of nonlinear equations (|3.13p - (|3.15p 
(and analogously equivalent systems (|3.16p - ()3.18p or (|3.19p - (|3.2ip ) as a two-dimensional generalization of 
dispersive long-wave (2DGDLW) system of equations. 

All considered equivalent to each other, 2DGDLW integrable systems of nonlinear equations (|3.13[)(|3.15[) . 
(|3.16p - (|3.18p and (|3. 19[) — (|3.21|) have a common gauge-transparent structure: 
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• they contain explicitly gauge- invariant subsystems (|3.14p - (|3.15p . (|3.17p - (|3.18[) of nonlinear equations 
for gauge invariants w\ and w 2 (or equivalently subsystem (|3.20p - (|3.2ip for gauge invariants w 2 and 

• they include equation (|3. 13|) for pure gauge variable p (or equation (|3 . 1 6|) for variable <j) = ha p) (with 
simple rule of gauge transformation p — > p' — gp) with additional terms containing gauge invariants 
and held variable vq. 

Such structure of 2DGDLW systems reflects existing gauge freedom in auxiliary linear problems (|1.1[) 
and (fi~2"|) . 

Due to formulae CL5]), (1/7]) and (gUJl-Q 2DGDLW system (f3TT3|) - (f3TT5|) has triad representation 
[Li,L 2 ] = B{wx)Li with operators L\, L 2 and coefflcient B(wi) of the following forms: 

U = d\ v + + - {d- 1 w l ))d v +w 2 + -Jd^ Wl , (3.30) 

L 2 = d t + K X dl + K 2 d 2 + 2 Kl ^ + 2k 2 - (^"V))^ + «b, (3.31) 

B(w\) = 2nid~ 1 u>i£ — 2n 2 d^ 1 w\ r) . (3.32) 

Let us consider some particular gauges of established 2DGDLW systems of equations equations (|3.13p ~ 
(|3.15[) , (|3.16[) — (|3.1 8[) and (|3.19[) — (j3.21[) . It is convenient to denote the gauge in general position by the symbol 
C (ui,ui,«o). 

In the gauge C {u\ — (j) 71 , v\ — uq = <f)£ V + 4>^4>ri) which due to (|1.5p - (|1.7p corresponds to zero values 
of invariants w\ and w 2 

W\ = U\£ — Virj =0, W 2 = Uq — — =0, w 2 = 0, (3.33) 

the 2DGDLW system of equations p,19p - (|3.2ip reduces to two-dimensional Burgers equation in potential 
form 

(j>t = -Kx(j>& - k 2 </V? - «i(^) 2 - k 2 {(/) v ) 2 + v , (3.34) 
or in terms of variable p connected with (f> by Hopf-Cole transformation <f> — In p, to linear diffusion equation 

p t = -Kip££ - n 2 p m + v p. (3.35) 
Equation (|3.34p (or (|3.35p ) due to our construction is a compatibility condition in Lax form 

[ii,L 2 ] = B(w 1 )L 1 =0 (3.36) 

of linear problems (jl.ip and (|1.2p with operators Li, L 2 given by ()3.30p . (|3.31|) under substitution 
w\ = w 2 = 0. 

In another simple gauge C (u\ — 4> v ,vi — 0, uo = 0) corresponding due to (I3.22p - (l3.24p to the invariants 

Wi=(j>^ n , w 2 = -(f) ( . ri , w 2 = 0, (3.37) 

the 2DGDLW system of equations (j3.19p ~ p.2ip for the choice vo = again reduces to the single equation 
of Burgers type in potential form 

<t>t = «40f£ - K2<P v r) - «l(^) 2 + K 2 ((f> v ) 2 . (3.38) 

This equation linearizes by Hopf-Cole transformation (f> = — In p to corresponding linear equation 

Pt = KiPtt - K2P nn - (3.39) 

In the less trivial gauge C {u\ = 0, v\ = —q^/q, uq = pq) the invariants w\, w 2 and w 2 due to (|3.22p ~ (|3.24p 
are given by the following expressions: 

wi = (kiq) (ri , w 2 = u =pq, w 2 = pq+ (lng) ??? , (3.40) 
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the variable p due to (|3.22p has constant value, consequently the variable = 0. In this case due to (|3 . 19[) 

v = 2nid~ 1 W2t i = 2Kid~ 1 (pq)^ (3-41) 

and from the 2DGDLW system of equations (|3.19p - (13.2ip one obtains after some calculations the famous 
DS system of equations [19] for the field variables p and q, 

Pt = KiPtt - K 2Pvv + 2 Kip5,7 1 (pq) e - 2K 2 pd^ 1 (pq) v , (3.42) 
q t = + K2<7r,r, - 2n 1 qd^ l (pq)^ + 2n 2 qd^ x (pq) rf (3.43) 

One can consider also the gauge C (ui = p v , v\ = q%, uq = p v q^) in which due to (|3.22p ~ (|3.24p the invari- 
ants have the following expressions through q and p: 

w i = Pin - Hv, w 2 = -pfr, W2 = -qtn- (3.44) 

Substitution of wi, w 2 and w 2 from (|3.44|) into the system (|3.19|) - (l3.2ip leads to the following three equations 
for p and q. From equation (|3.19[) for cf> = p one obtains 

Pt = Kxp^ - K 2 p m - H\{p{f + K2{P V ) 2 - 2K2Pr,q n + V . (3.45) 

Equations (|3.20|) and (|3 . 2 1 [1 for w 2 and w 2 in terms of variables p, q take the forms 

Pt = - K 2 p vv - ki{pz) 2 + K 2 {p n ) 2 + 2ki<9~ 1 (p 5 , ; <^) - 2K 2 d^ (pt; n q v ) , (3.46) 

q t = -Kiq^ + n 2 q n ,, + ni{q^) 2 - ^(q^) 2 - 2n 1 d~ 1 (q^p/:) + 2n 2 d^ 1 (q^Pr,) ■ (3.47) 

Equations (|3.45p and (|3.46p are compatible for the choice of vo given by the formula 

v = 2n 1 d- 1 (pt r ,q ( :) + 2n 2 d^ (q^Pr,) , (3.48) 

and the system of three equations (|3.45|) (|3.4T|) reduces to system of two equations (|3.46|) - (|3.47|) containing 
in nonlocal terms derivatives P£ V Q£, P^rjQri) etc. 

Analogously in the gauge C [u\ — p v , Vi — q^, u = 0) it follows for wi, w 2 and w 2 due to (|3.22p - (|3.24p 

wi = Pi v ~ Qi v , w 2 = -p £r , ~ p v q ( , w 2 = -q in - p n q^. (3.49) 
Equation (|3.16p for <fi = p via (|3.49|) takes the form 

Pt = Kip^ - n 2 p m - ni(p{f + K 2 (p v ) 2 - 2K 2 p r ,<7 t? + 2ki<9^ 1 (p n qs) , + v . (3.50) 
Equation (|3. 17[) via substitutions from (|3.49p transforms to the form 

Pt-q t = Ki(p + q) a - K 2 (p + q) 7n - Ki(p £ - q^) 2 + K 2 (p n - q v ) 2 

+ 2n 1 d~ 1 (p^qz) £ - 2k 2 8^ (p v q 6 ) rf (3.51) 

By substraction of equation (|3.5ip from equation (|3.50p one obtains the evolution equation for q: 

qt = -KiQ^ + K 2 q, n + ki(%) 2 - K 2 (q rl ) 2 - 2kip^ + 2K 2 d^ 1 (pr,q^) ri + Vo. (3.52) 

Equation (|3.18p for the invariant w 2 due to (|3.49p in terms of variables p, q is 

(Ptv +Pr,%) t = K l(PiV+PvH) £i ~ ^{Piv +Pv1i) V r, 

- 2ki((p ?i) +p v qt){pt - q$)) e + 2n 2 {{p iv +p v q^)(p v - q v )) v . (3.53) 
Equations (|3.50p , (|3 . 52[) and (|3 . 53[) are compatible with each other if the field variable vq satisfies the equation 
votn + P v vo£ + q^v 0ll = 0. (3.54) 
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For the simple choice vq = one obtains from the system of the three equations (|3.50[) , p.52p and (|3.53f> 
the following equivalent system of two equations: 

Pt = - K 2 p m - ki(pz) 2 + K2{p v ) 2 - ^2P v q v + ^Ktd~ 1 (p r ,q^)^ (3.55) 

q t = -Kiq^ + K 2 q m + ^lfe) 2 - K2{q v ) 2 - + 2n 2 d^ 1 (p v q^) v - (3.56) 

At first this system of equations has been derived in another context in the paper of Konopelchenko [22] . 

In conclusion, let us derive Miura-type transformations between different systems of DS-type equations 
of second order obtained in this section in different gauges. For convenience let us denote by capital letters 
P = p, Q = q the solutions of the DS famous system p.42p ~ p.43p of equations. By the use of invariants Wi 
and W2 one obtains the following relations between variables (P = p, Q = q) of DS system (|3.42| - (|3.43p and 
variables p, q of the system p.46p ~ p.47p , 

Wi = (ln(5) fj7 =P£n-qtr„ w 2 = PQ = -p iv . (3.57) 

One derives from ()3.57|) . 

Q = e p -<>, P=-p ill e< 1 - p . (3.58) 
Quite analogously for the pair of DS systems (13.42[) - (|3.43p and (|3.55p - p.56[) one has 

wi = (lnQ) Cr) =p^ -q$v> w 2 = p Q = -Ptn ~ P-nW ( 3 - 59 ) 
One obtains from p. 591) . 

Q = eP-\ P=-(p^+ Pv q e )e^P. (3.60) 

Transformations p.58p and p.60p allow us to obtain solutions of the famous DS system of equa- 
tions p.42p ~ p.43p from the systems of equations p.46p ~ p.47p and p.55p ~ p.56p . these transformations 
are Miura-type transformations being gauge-equivalent to other DS-type systems of equations of second 
order. 



4 Conclusion 

In conclusion let us underline once again that ideas of gauge invariance now are in common use in the 
theory of integrable nonlinear evolution equations. There are known attempts to develop invariant descrip- 
tion of some nonlinear integrable equations considered in the present paper by the use of matrix linear 
auxiliary problems. This was done for example in the paper [26] for the Nizhnik-Veselov-Novikov and 
Davey-Stewartson equations in the framework of the classical invariant theory of second-order linear partial 
differential equations. 

Matrix linear auxiliary problems have a bigger number of degrees of freedom than the scalar, the perfor- 
mance of reductions from general position to integrable nonlinear equations is more difficult; all this leads 
to the need of consideration gauge transformations under some restrictions, manifestly the gauge-invariant 
description of integrable nonlinear equations in this case is far from completion and requires additional 
research work. 
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